A non-finitely based variety of groups which is finitely based as a torsion-free variety Abstract. A torsion-free variety of groups is a variety generated by torsion-free groups (of course, such a non-trivial variety contains also groups which are not torsion-free). Kovács noted that possibly some torsion-free variety may be definable by a finite number of identities (as a torsion-free variety) without having any finite basis in the usual sense. However, no example of a torsion-free variety with this property was known. In the present note we give such an example. In other words, we give an example of a finitely generated verbal subgroup U of a free group F of infinite rank such that the isolator of U in F is not finitely generated as a verbal subgroup.
Let F be the free group on free generators x 1 ; x 2 ; . . . and let v ¼ vðx 1 ; . . . ; x k Þ A F . Let G be a group. We say that v is an identity (or law) of G if vðg 1 ; . . . ; g k Þ ¼ 1 for all g 1 ; . . . ; g k A G. The variety of groups defined by a set fu i j i A I g of identities is the class of all groups satisfying all identities u i ði A I Þ. A basis for the identities of a variety V is a set of identities which defines V. If a variety V can be defined by a finite set of identities we say that V is finitely based or has a finite basis; otherwise V is nonfinitely based. Olshanskii [12] proved that there exist non-finitely based varieties of groups and in the same year Adian [1] and Vaughan-Lee [13] gave explicit examples of such varieties. On the other hand, many varieties have been proved to be finitely based; in particular, each variety generated by a finite group (Oates and Powell [11] ) or by a nilpotent-by-abelian group [8] . For some varieties it is still an open problem whether they are finitely based or not; there are such varieties generated by linear groups, by polycyclic groups and by abelian-by-nilpotent groups.
A subgroup V of the free group F is called verbal if V is a fully invariant subgroup of F , that is, aðV Þ J V for each endomorphism a of F . There is a natural one-one correspondence between the varieties of groups and the verbal subgroups of the free This work was partially supported by CNPq, FAPDF and FINATEC.
group F of countably infinite rank: namely, the verbal subgroup V corresponding to a variety V is the set of identities which hold in every group of V. Conversely, the variety V corresponding to a verbal subgroup V in F is the variety defined by the set of identities fv j v A V g. A variety V is finitely based if and only if the corresponding verbal subgroup V is finitely generated (as a verbal subgroup). We refer to [2] , [4] and [10] for further terminology, basic facts and references concerning identities in groups and varieties of groups.
A torsion-free variety of groups is a variety generated by torsion-free groups or, equivalently, a variety whose relatively free groups are torsion-free (see [6] , [7] ). Of course, such a non-trivial variety contains also groups which are not torsion-free. Let fv i j i A I g be a set of identities and let V be the class of all torsion-free groups G satisfying all identities v i ði A I Þ. Let V be the variety of groups generated by V. Then we say that the set fv i j i A I g defines V as a torsion-free variety.
Recall that a normal subgroup N of a group G is called isolated if G=N is torsionfree. The isolator of a normal subgroup M in G is the minimal isolated normal subgroup containing M (which is the intersection of all isolated normal subgroups containing M). Note that if an isolated normal subgroup N of F contains a verbal subgroup V then there is an isolated verbal subgroup U such that V J U J N; namely, U is the verbal subgroup of all identities satisfied in F =N. It follows that the isolator of a verbal subgroup V in F is the intersection of all isolated verbal subgroups containing V ; in particular, this isolator itself is a verbal subgroup of F . It can be easily seen that the torsion-free variety defined by a set of identities fv i j i A I g is the variety corresponding to the isolator of the verbal subgroup of F generated by fv i j i A I g.
In [6] , Kovács noted that there possibly exists a torsion-free variety V with the following properties:
(1) as a torsion-free variety V is defined by a finite number of identities; (2) in the usual sense the variety V has no finite basis for its identities.
It is clear that a torsion-free variety V has these properties if and only if the (isolated) verbal subgroup V in F corresponding to V has the following properties:
(1 0 ) V is finitely generated as an isolated verbal subgroup in F (that is, V is the isolator of a finitely generated verbal subgroup); (2 0 ) V is not finitely generated as a verbal subgroup of F .
Some years ago Kovács drew the author's attention to the fact that no example was known of a torsion-free variety with the properties above. The aim of the present note is to give such an example. We shall use some technical results from [3] where the first example of a torsionfree metanilpotent variety of groups without any finite basis (in the usual sense) was constructed. It is unknown (and seems to be di‰cult to decide) whether or not this metanilpotent variety is finitely based as a torsion-free variety. However, we are able to deduce from the results of [3] the following theorem. 
Then W is not finitely based as a variety of groups.
Clearly, Theorem 1 is equivalent to the following assertion.
Theorem 2. Let U be the verbal subgroup of F generated by the elements (1) and (2) and let W be the isolator of U in F . Then W is not finitely generated as a verbal subgroup of F .
Proof of Theorem 2. We are going to use some facts established in [3, Proof of Theorem 1]. Let A be the free nilpotent group of class 2 on free generators a 1 ; a 2 ; . . . and let B be the free nilpotent group of the same class on a free generating set fb Define D n to be the subgroup of C generated by all elements of the forms (i), (iii) and all elements of the form (ii) such that c is a product of n (or fewer) commutators in A.
where c i ¼ ½x 2iþ2 ; x 2iþ3 for all i. The following facts can be deduced from the proof of [3, Theorem 1]:
( j) V and V n ðn ¼ 1; 2; . . .Þ are verbal subgroups of F ;
( jj) the quotient group F =V is torsion-free;
( jjj) for each n, we have w nþ1 B V n (assuming V 0 ¼ f1g).
Indeed, V is a verbal subgroup of F because it is closed under all endomorphisms of F . This was proved in [3, p. 328] by checking that D is closed under certain endomorphisms of C (see [3, pp. 327-328] for details). Exactly the same argument shows that, for each n, V n is a verbal subgroup of F .
Further, the group F =V is torsion-free because it is isomorphic to a subgroup of C=D and C=D is torsion-free by [3, Lemma 2.1].
To explain how ( jjj) can be deduced from the results of [3] we need more notation. LetÃ A be the free nilpotent group of class 2 and exponent 4 on free generators a a 1 ;ã a 2 ; . . . and letB B be the free nilpotent group of the same class and exponent on a free generating set fb bã a i j i ¼ 1; 2; . . . ;ã a AÃ Ag. LetÃ A act onB B in the natural way and let C C be the corresponding split extension ofB B byÃ A. Let m : C !C C be the homomorphism such that mða i Þ ¼ e a i a i , mðb i Þ ¼ e b i b i for all i. Define, for all n,Ũ U ðnÞ ¼ mðD n Þ,
. Then it can be easily checked that mðfðV n ÞÞ JṼ V ðnÞ , so there is a natural homomorphism of F =V n ontoF F =Ṽ V ðnÞ . It was proved in [3, pp. 330-332] thatF F =Ṽ V ðnÞ does not satisfy the identity w nþ1 . SinceF F =Ṽ V ðnÞ is a homomorphic image of F =V n , the group F =V n also does not satisfy the identity w nþ1 . Thus, w nþ1 B V n , as stated in ( jjj).
To prove the theorem we need the following assertion.
Lemma 3. The group F =V satisfies the identities (1) and (2).
Proof. Let c : F ! C=D be the homomorphism such that cðx i Þ ¼ a i b i D for all i. Then V ¼ Ker c so F =V is isomorphic to a subgroup of C=D. Therefore it su‰ces to prove that the group C=D satisfies the identities (1) and (2) . Note that, for all g 1 ; g 2 ; g 3 A C, we have ½g 1 ; g 2 ; g 3 A B so ½g 1 ; g 2 ; g 3 is a product of elements of the form b ea i where i ¼ 1; 2; . . . , a A A, e A fÀ1; 1g. Therefore, for all g 1 ; . . . ; g 6 A C, Similarly, for all g 1 ; . . . ; g 8 A C,
; ½g 4 ; g 5 ; g 6 ½½g 1 ; g 2 ; g 3 ; ½g 4 ; g 5 ; g 6
À1
can be written as a product of elements of the form
that is, elements of the form (iii) and their inverses. Therefore, d 2 A D. It follows that C=D satisfies the identity (2), as required. The proof of Lemma 3 is completed. r
Since F =V is torsion-free and since W is the minimal normal subgroup containing U such that F =W is torsion-free, Lemma 3 implies the following corollary.
To complete the proof of Theorem 2 we need two more assertions.
Lemma 5. For each positive integer n, we have w n A V n .
Proof. It su‰ces to check that fðw n Þ A D n for each n > 0. We have
where c ¼ ½a 4 ; a 5 . . . ½a 2nþ2 ; a 2nþ3 . It is clear that ½a 1 b 1 ; a 2 b 2 ; a 3 b 3 is a product of elements of the form b ea i where i A f1; 2; 3g, a A A, e A fÀ1; 1g. It follows that fðw n Þ is a product of elements of the form ½b 
is strictly ascending. Clearly, (7) and (8) imply that W is not a finitely generated verbal subgroup. This completes the proof of Theorem 2.
Remarks. 1. The free groups of the variety W constructed above are torsion-free. However, it can be checked that, for each prime p 0 2, these groups of su‰ciently large rank are not residually p-groups. It seems to be an open problem whether there exists a non-finitely based variety whose free groups are residually (finite) p-groups for all primes p (or for infinitely many primes p). Equivalently, does there exist a group which is residually a (finite) p-group for all primes p and whose identities are not finitely based? 2. There are torsion-free varieties of Lie rings (that is, varieties generated by Lie rings without additive torsion) which are definable (as such) by a finite number of identities without having any finite basis in the usual sense [9] . An example is the variety defined as a torsion-free variety of Lie rings by the identity ½½½x; y; ½z; t; u (see [9] ).
On the other hand, in the class of associative rings no torsion-free variety with similar properties is known. It can be deduced from Kemer's result [5] that in this class every torsion-free variety can be defined (as such) by a finite number of identities. There is some evidence that supports the following conjecture: every torsion-free variety of associative rings has a finite basis (in the usual sense).
